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Abstract: Phase-matched wavelength conversion is achieved in difference frequency gen-
eration (DFG) in a structure of gallium arsenide (GaAs) with periodic arrays of nanoholes.
Linear properties (refractive indices) of the structure are determined from the S-parameters
of the structure. Finite difference time domain (FDTD) simulation is used to calculate
the S-parameters. The longest wavelength achieved is 16.2229 μm and the shortest is
3.2961 μm. The results of the FDTD simulation are compared with results obtained from
the effective medium theory by using the Maxwell Garnett model. The comparison shows
excellent agreement.
Index Terms: Nonlinear wave mixing, metamaterials, phase matching, nanostructure.
1. Introduction
Due to the vibrational transition of many molecules, the mid-infrared (mid-IR) spectral region is
an interesting area of spectroscopy. Nonlinear optical difference frequency conversion is one
of the most functional techniques for generating coherent, broad, and discrete light sources for
spectroscopy in the mid-IR region [1]. Mid-IR conversion via DFG involves a coupling between two
waves with different frequencies to generate a difference frequency through a nonlinear medium.
Most available difference frequency generation methods based on parametric wavelength con-
version use nonlinear crystals, such as periodically poled lithium niobate (PPLN), potassium titanly
phosphate (KTP), and barium borate (BBO) [2], [3]. Birefringence phase matching and quasi-phase
matching techniques are used to achieve efficient conversion [4]–[6]. Semiconductors, of special
interest for monolithic integration, have greater optical nonlinearity properties than commonly used
crystals such as PPLN, KTP, and BBO. GaAs, with its wide transparent optical window, from 1 μm
to 17 μm, is the best choice for mid-infrared conversion using difference frequency generation
[7]–[10]. Phase matching between the waves to be mixed is a crucial factor for strong coupling
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Fig. 1. (a) GaAs structure with nanoholes of period d and radius r . The structure has a length L along
the direction of wave propagating. (b) Illustration of Miller indices of the GaAs lattice structure with
Cartesian coordinates, wave propagation directions, and polarizations. (c) Unit cell of the structure.
and efficient frequency conversion. Unfortunately, it is not possible to achieve phase matching for
DFG in GaAs, due to its natural isotropic properties. This problem can be solved via a multilayered
structure of GaAs with other materials. Different approaches to achieve phase matching in GaAs
structures include quasi-phase matching [11], [12], modal phase matching [13], [14], Bessel laser
beam phase matching [15], and suspended GaAs waveguides [16].
Birefringence phase matching based on artificial anisotropy properties is possible. Artificial
anisotropy properties in semiconductors were first proposed with multilayered GaAs/AlAs [17],
and relatively large birefringence has been demonstrated for a multilayered GaAs/AlAs structure
[18]–[20]. Tunable wavelengths from 6.7 μm to 12.7 μm using quasi-phase matching have been
demonstrated in orientation-patterned GaAs [21]. Wavelengths from 7.5 μm to 8.5 μm were
generated through a multilayered AlGaAs waveguide [22]. Phase-matched difference generated
wavelengths from 2.8 μm to 11 μm have been achieved by using artificial birefringence in a
structure of GaAs with silver nanowires [23].
In this work, we present a determination of wide, phase-matched, mid-IR generation in a struc-
ture of GaAs with nanoholes. FDTD simulation with the RSoft tool is used to calculate the scattering
(S) parameters of the structure. Refractive indices are determined from the S-parameters by using
a retrieving algorithm. This type of structure can be fabricated via a metal-assisted chemical etching
technique [24]–[26].
2. Wave mixing and phase mismatch
Difference frequency generation employs the difference in frequency of two waves applied through
an optical nonlinear medium. The two waves are defined as a pump wave of frequency ωp, electric
field E p, and wave vector k p, and a signal wave of frequency ωs, electric field E s,and wave vector
ks. The difference frequency wave that is generated is referred to as an idler wave of frequency
ωi , electric field E i , and wave vector ki , where ωp > ωs > ωi . In this study, the nonlinear medium
used is a nanostructured GaAs metamaterial with two-dimensional square arrays of cylindrical
nanoholes, with period d and radius r, as shown in Fig. 1(a). The structure has a length L along the
direction of wave propagation. Fig. 1(b) shows the wave propagation directions k p, ks, and k i , and
the polarization orientations of the waves with respect to the GaAs crystal axes. The basic unit cell
of the structure is illustrated in Fig. 1(c).
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By considering the colinear wave vectors of the interacting waves and accordance with the con-
servation laws of energy and momentum of the photons, ωi = ωp − ωs and ki = kp − ks, respectively,
the colinear phase mismatching is defined as
k = np ωpc − ns
ωs
c
− ni ωic (1)
where kp = np ωpc , ks = ns ωsc , and ki = ni ωic . np, ns, and ni are the refractive indices at the frequencies
ωp, ωs, and ωi , respectively. Based on this structure, only type-II coupling interaction satisfies the
phase matching condition. Type-II coupling is a polarization configuration where the signal and
idler polarizations are orthogonal; while in type-I, the signal and the idler polarizations are parallel.
Based on type-II polarizations, we consider the applied waves at normal incidence to the holes, with
electric field polarized parallel(E‖) to the holes along [001] for the signal wave Es, and polarized
orthogonal (E⊥)to the holes along [1̄10] for the pump wave Ep. Based on nonzero elements of
second-order susceptibilities of GaAs χ (2)xyz = χ (2)yzx= χ (2)zxy [35], the resultant difference wave of electric
field Ei will be polarized orthogonal to the holes along [1̄10]. The three waves propagate in the plane
xy, making an angle of 45o with respect to the x and y axes. The orthogonal polarizations waves
have the electric field oriented parallel to the xy plane, which thus has components in x the and y
directions.
It is essential to know the effective refractive indices of a structure in order to determine the phase
matching. There are two main approaches for finding the effective refractive indices of metamaterial
structures. The first is to use effective medium theories [27], where the long wavelength limit should
be satisfied. The second is to retrieve the refractive indices from the S-parameters [28], [29], or from
the reflection and transmission coefficients [30]. In this work, the retrieving technique is the main
method employed, while the effective medium theory is used for comparison purposes.
3. Computing linear properties of the structure from S-parameters by using
the retrieval technique
Full wave simulation using FDTD is applied to determine the S-parameters of the structure. To find
the S-parameters of a metamaterial structure via full wave simulation, it is necessary to use a thin
slab of the structure and to characterize it as an effective homogeneous medium [27]–[29]. If the
structure is periodic, usually a single cell is selected as the thinnest slab. For an incident plane
wave normal to the structure, the S-parameters are related to the refractive index n in accordance
with the following equations [29]:






















1 − S211 + S221
])}
(3)
Here L is the slab length, where L = d if a single cell is considered. k is the wave number of the
incident wave in free space and m is an integer number. Due to the symmetry properties of the
slab, S22 = S11and S12 = S21. Because the structure is passive, with no negative index elements,
the signs in (2) and (3) are determined so as to obtain positive real and imaginary values. Based
on the long wavelength limit for metamaterials (d , r  λ) and achieving phase matching, the hole
periods are almost in the range between d = 115 nm to 140 nm and the corresponding hole radius
between r = 0.1 d to 0.25 d .
The S-parameters are computed by using a FDTD simulation of a thin one-cell layer of the
structure, for incident waves polarized parallel and orthogonal to the holes, in the entire spectrum
of the GaAs optical transmission window, λ = 1 μm to 17 μm. Transverse periodic boundary
conditions were applied in the direction perpendicular to the propagation direction of the incident
waves. Experimentally measured data for the refractive index of GaAs [7] were used in the FDTD
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Fig. 2. S-parameters at d = 140 nm and r = 35 nm, for parallel polarization E‖ and orthogonal polar-
ization E⊥. (a) Magnitude of S21. (b) Phase of S21. (c) Magnitude of S11. (d) Phase of S11.
simulation. Fig. 2 shows computed S-parameters of the structure, magnitude and phase, for the
period d = 140 nm and radius r = 35 nm. The structure exhibits slightly more reflection with
orthogonal polarization than parallel polarization, and greater transmission with parallel polarization
than orthogonal polarization. As the wavelength increases, the transmission increases and the
reflection decreases.
Fig. 3 shows the S-parameters, magnitude and phase, as a function of r at λ = 1 μm for two
different periods: d = 120 nm and 140 nm.
Since GaAs is nonadsorbing in its optical window, only real indices of the structure exist. Fig. 4
shows two retrieved real indices, Re(n‖) and Re(n⊥), computed from the S-parameters presented
in Fig. 2. Re(n‖) represents the index parallel to the longitudinal axis of the nanoholes, and Re(n⊥)
represents the index perpendicular to the longitudinal axis of the nanoholes. The contrast between
the indices, Re(n‖) and Re(n⊥) indicates that GaAs with nanoholes acts as an anisotropic medium.
This promises well for birefringence phase matching in the structure.
Varying the parameters of the structure, d or r , will not change the refractive index profiles shown
in Fig. 4; however, the values will be changed. Lowering the values of the indices relative to the
GaAs index can be done by increasing the volume fraction of the nanoholes inside the structure.
This can be achieved either by decreasing d or increasing r . Figs 5(a) and (b) show the refractive
indices of the structure in relation to the GaAs index, for two different periods: d = 120 nm and
140 nm, and a radius of r = 35 nm.
4. Achieving birefringence phase matching in the structure
Changing the optical properties of GaAs from isotropic to anisotropic through the inclusion of
nanoholes is beneficial, since it permits the use of birefringence phase matching in the GaAs
medium. The structure was tested for phase matching possibilities by varying the pump frequency,
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Fig. 3. S-parameters as a function of r for parallel polarization E‖ at λ = 1 μm, for d = 120 nm and
140 μm. (a) Magnitude of S21, (b) Phase of S21, (c) Magnitude of S11, and (d) Phase of S11.
Fig. 4. Real refractive indices Re(n‖ ) and Re(n⊥ ) at d = 140 nm and r = 35 nm.
ωp, and the signal frequency, ωs. The difference frequency, ωi , is assigned in accordance with
energy and momentum conservation laws. The refractive indices plotted in Fig. 4 were applied in
the phase mismatching relation given in (1). np and ni correspond to the perpendicular index n⊥,
and ns to the parallel index n‖. Fig. 6 plots the mismatch function (k/kp) for three different pump
wavelengths: λp = 1.0333 μm, 1.1171 μm, and 1.3053 μm. kp is the wave number of the pump
wave at the selected λp. Each plot satisfies the energy conservation law. Momentum conservation is
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Fig. 5. Real retrieved indices at r = 35 nm for periods d = 120 and 140 nm compared with GaAs
refractive index. (a) Parallel index Re(n‖ ). (b) Perpendicular index Re(n⊥ ).
Fig. 6. Mismatch function (k/kp) for three different pump wavelengths: λp = 1.0333 μm, 1.1171 μm,
and 1.3053 μm, at d = 140 nm and r = 35 nm. (a) (k/kp) as a function of the idler wavelength, λi ,
with phase-matched idler wavelengths: λi = 15.5875 μm, 5.7537 μm, and 3.3195 μm. (b) (k/kp) as
a function of the signal wavelength, λs, with the corresponding phase-matched signal wavelengths:
λs = 1.067 μm, 1.3863 μm, and 2.1511 μm.
satisfied at phase matching (k = 0). Figs 6(a) and 6(b) plot (k/kp) as a function of the idler wave-
length, λi , and the signal wavelength, λs, respectively, at the specified pump wavelengths, λp. For
these selected cases, the idler wavelengths at phase matching are λi = 15.5875 μm, 5.7537 μm,
and 3.3195 μm, and the corresponding signal wavelengths are λs = 1.067 μm, 1.3863 μm, and
2.1511 μm, respectively. The structure was scanned for the entire GaAs transmission spectrum,
from λ = 1 μm to λ = 17 μm. The phase-matched wavelength curves, or tuning curves, that relate
the three wavelengths λp, λs, and λi , are shown in Fig. 7.
The tuning curves in Fig. 7 show that the pump wavelength, λp, extends from 1.0333 μm to
1.3983 μm. The signal wavelength, λs, ranges from 1.1067 μm to 2.7932 μm, and the idler
wavelength, λi, ranges from 15.5875 μm to 2.8001 μm. This generated idler wavelength band
is broad, continuous, and tunable through tuning of the input pump and/or signal wavelengths. The
band can be redshifted or broadened by increasing d or decreasing r , or vice versa.
Fig. 8 shows different phase-matched wavelength curves, or tuning curves, for idler and signal
wavelengths as a function of the pump wavelength, at different values of r and d . The curves
for different r and d values are plotted in different colors, while the idler wavelength curves are
represented by dashed lines and the signal wavelength curves by solid lines. As r decreases,
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Fig. 7. Phase-matched wavelength curves, or tuning curves, that relate idler wavelengths, λi , and signal
wavelengths, λs to pump wavelengths, λp, at d = 140 nm and r = 35 nm.
Fig. 8. Phase-matched wavelength curves that relate λi and λs to λp, at different values of d and r . The
signal wavelengths, λs, are represented by solid lines, while the idler wavelengths, λi , are represented
by dashed lines. The colors red, green, and black correspond to d = 120 nm with r = 15 nm, 25 nm,
and 35 nm, respectively. The blue corresponds to d = 140 nm with r = 25 nm.
the idler and signal wavelengths are broadened and redshifted. For example, for d = 120 nm and
r = 35 nm (shown in black), the longest idler wavelength is 4.633 μm and the shortest is 2.4612 μm.
However, if r is decreased to 25 nm, with d remaining at 120 nm (shown in green), the longest idler
wavelength is 6.6704 μm and the shortest is 2.8993 μm.
The idler wavelengths are broadened considerably more by an increase in d than by a decrease
in r , as shown by the green and blue dashed curves, which correspond to d = 120 nm and 140 nm,
respectively, with r remaining constant at 25 nm. At d = 140 nm, the longest idler wavelength is
16.2229 μm, as compared to 6.6704 μm at d = 120 nm.
5. Comparison with effective medium theory results
Effective medium theory provides a permittivity mixing formula that uses a quasi-static approxi-
mation approach to find the effective permittivity of a composite structure consisting of particles
of different materials. In this study the Maxwell Garnett approximation was used to determine the
effective permittivities parallel to, εef f‖ , and perpendicular to, ε
ef f
⊥ , the nanoholes of the structure
illustrated in Fig. 1(a). To consider the two components of the metamaterial: GaAs and nanoholes,
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Fig. 9. Comparison of refractive indices obtained from the FDTD simulation and the Maxwell Garnett
theory. (a) and (b) Parallel and perpendicular indices, respectively, at d = 140 nm and r = 25 nm for
the FDTD simulation, and at the corresponding f = 0.1002 for the Maxwell Garnett theory.
the following Maxwell Garnett formulas were used [33], [34]:
εef f‖ = f + (1 − f ) ε (4a)
εef f⊥ = ε +
2fε (1 − ε)
2ε + (1 − f ) (1 − ε ) (4b)
Here f is the volume fraction of the nanoholes included in the GaAs medium, where 0 ≤ f ≤
1, f = π r2/d2, and ε is the permittivity of the GaAs. The experimental data used for the GaAs
refractive index [7] were the same as those used in the FDTD simulation. In order to examine
the phase matching aspect, it is necessary to take into account the effective refractive indices,
nef f‖ = Re(±
√




εef f⊥ ). The square root has two possible solutions, positive and
negative (corresponding to a negative refractive index). Because the structure does not include any
negative index materials, the positive solution was selected. Fig. 9 compares the refractive indices
obtained by using the FDTD simulation with those obtained via the Maxwell Garnett theory. One
set of parameters was chosen to show: d = 140 nm with r = 25 nm for the FDTD simulation and
the corresponding f = 0.1002 for the Maxwell Garnett.
The comparison shows good agreement in the profiles, with slight disagreement in the magni-
tudes, seen slightly more for the perpendicular index. This slight disagreement is due to the fact
that the Maxwell Garnett theory uses the proximation of the quasi-static approach while FDTD is
full wave simulation.
6. Conclusions
The phase matching condition for DFG hast been investigated by using a nonlinear optical structure
comprised of a GaAs with inclusions of periodic arrays of nanoholes. This structure, to our knowl-
edge, has never been investigated for phase matching. FDTD simulation was used to determine the
scattering (S) parameters of the composite structure. Linear properties (refractive indices) of the
structure were then extracted from the S-parameters by using a retrieving algorithm. The structure
exhibits optical anisotropy along the principal axes.
Phase matching was found at certain range of hole periods, from d = 115 nm to 140 n, and
at the corresponding radius from r = 0.1d to 0.25d. The generated mid-IR is broad and tunable
through tuning of the input pump and/or signal wavelengths. The generated phase matched
spectrum from 3.2961 μm to 16.2229 μm was achieved at d = 140 nm and r = 25 nm. The pump
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and signal wavelengths are in the spectral range less than 3 μm. For comparison with the FDTD
simulation results, the Maxwell Garnett theory was used to determine effective permittivities, the
comparison shows an excellent agreement.
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